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Abstract
We prove that the dimension of the space of energy !nite bounded solutions of the Schr$odinger
operator is invariant under rough isometries between graphs of bounded degree. This result
generalizes those of Soardi and of the present author.
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1. Introduction
In this paper, we study the Liouville property of an operator on graphs. Given an
operator L of a graph and a class F of solutions of L, by the Liouville property
of the pair (L;F), we mean that the dimension of the space of all solutions of
the operator L in F is at most one. In this point of view, the !nite dimensionality
of the solution space F can be regarded as a generalized version of the Liouville
property. For instance, the case of harmonic functions is well developed by the works of
M. Kanai, P.M. Soardi, the present author, and others.
In [2], Kanai proved that the positivity of capacity, hence the existence of Green’s
function for the Laplace operator, is invariant under rough isometries between graphs
of bounded degree. Later, Soardi [6] showed that the Liouville property of harmonic
functions with !nite Dirichlet integral on graphs of bounded degree is a rough isometric
invariant. Recently, the present author [4] proved that the dimension of the space of
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harmonic functions with !nite Dirichlet integral is preserved under rough isometries
between graphs of bounded degree.
In this paper, we consider the case of the Schr$odinger operator on graphs of bounded
degree. As the simplest situation, if a graph is parabolic, then every bounded solution
of the Schr$odinger operator with nonzero potential on the graph is identically zero. On
the other hand, by [2], the parabolicity of graphs is an invariant under rough isome-
tries between graphs. So, it is suHcient to consider the case that given graphs are
nonparabolic. We prove that the dimension of the space of energy !nite bounded so-
lutions of the Schr$odinger operator is invariant under rough isometries between graphs
of bounded degree as follows:
Theorem 1.1. Let G and H be graphs of bounded degree and ’ :VG →VH be a rough
isometry, where VX denotes the set of vertices of the graph X . Let q be a nonnegative
function on VG. Then there is a function class F’; q, expounded later, on VH such
that for each q˜ in F’; q, both spaces HBDq(G) and HBDq˜(H) have the same
dimension, where HBDp(X ) denotes the space of energy 2nite bounded solutions
of the Schr3odinger operator with potential p on VX .
Note that if given potential q is identically zero, then the zero function becomes an
element of F’; q. Therefore, our result generalizes those of Soardi [6] and the present
author [4].
2. Main results
Let G=(VG; EG) be an in!nite graph with no self-loops, where VG and EG denote
the set of all vertices and the set of all edges of G, respectively. If vertices x and y
in VG are the endpoints of the same edge, we say that x and y are neighbors to each
other, and write y∈Nx and x∈Ny. The degree of x is the number of all neighbors of
x and it is denoted by ]Nx. If there exists a constant  such that ]Nx6¡∞ for all
x∈VG, then G is called a graph of bounded degree.
A sequence x=(x0; x1; : : : ; xl) of vertices in VG is called a path from x0 to xl with
the length l if each xk is an element of Nxk−1 for k =1; 2; : : : ; l: Especially, we say
that a subset U of V is connected, if for any two vertices x and y in U , there exists
a path joining x and y in U . For any two vertices x and y, we de!ne d(x; y) to be
the minimum of the lengths of paths from x to y. It is easy to check that d de!nes a
metric on VG. For this metric d, de!ne an l-neighborhood Nl(x)= {y∈VG: d(x; y)6l}
for each x∈VG and l∈N.
Let f be a real valued function de!ned on the vertex set VG of G: De!ne the
gradient of f by |Df |(x)= (∑y∈Nx |f(y) − f(x)|2)1=2. For a nonnegative function q
on VG, de!ne the energy Eq(f) of a real valued function f on VG by
Eq(f)=
(∑
x∈VG
(|Df |2(x) + q(x)f2(x))
)1=2
:
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If Eq(f)¡∞, we say that f is energy !nite. For a !xed point o∈VG, de!ne a norm
for energy !nite functions by
‖f‖= |f(o)|+ Eq(f): (1)
Let Dq(G) denote the space of all energy !nite functions with norm (1), and BDq(G)
denote the subspace of all bounded functions in Dq(G). We denote by BDq;0(G) the
closure of the space of all !nitely supported functions in BDq(G): Especially, BDq(G)
is a Hilbert space with the following inner product:
(f; g)q =
∑
x∈VG

∑
y∈Nx
(f(y)− f(x))(g(y)− g(x)) + q(x)f(x)g(x)

 : (2)
Denition 2.1. A real valued function h de!ned on the vertex set VG of G is called
q-harmonic (q-subharmonic) if
∑
x∈VG

∑
y∈Nx
(h(y)− h(x))((y)− (x)) + q(x)h(x)(x)

 =0 (resp:60)
for every (nonnegative) !nitely supported function  on VG. In particular, in the case
q=0, we say that h is harmonic (subharmonic).
The subspace of all q-harmonic functions in BDq(G) is denoted by HBDq(G):
From now on, we assume that each graph is connected and of bounded degree, and
each potential is not identically zero, unless otherwise speci!ed.
The following is the discrete analogue of the Royden decomposition [5]:
Proposition 2.2. Let G be a connected in2nite graph with no self-loops. Then
HBDq(G) is closed in BDq(G) and (h; g)q =0 for every h∈HBDq(G) and g∈
BDq;0(G); where (· ; ·)q is the inner product given in (2). Furthermore, for every
f∈BDq(G), there exist unique h∈HBDq(G) and g∈BDq;0(G) such that f= h+g.
We now introduce the notion of extremal length of a set of paths in a graph G. Let
w be a nonnegative function on the edge set EG of G: De!ne its energy E(w) by
E(w)=
∑
e∈EG
w2(e):
Denition 2.3. Let P be a set of in!nite paths in G. The extremal length (P) of P
is de!ned by
(P)−1 = inf
w
E(w);
where the in!mum has taken over the set of all nonnegative function w on the edge set
EG of G such that E(w)¡∞ and
∑
e∈E(x) w(e)¿1 for each path x∈P, where E(x)
denotes the edge set of x.
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We say that a property holds for almost every path in P if the subset of all paths
for which the property is not true has extremal length ∞. We collect some relevant
results as follows:
Lemma 2.4. Let PG be the set of non-self-intersecting in2nite paths from a 2xed
vertex o to in2nity in VG. Let f∈BDq(G): Then
(i) for almost every path x∈PG; f(x)= limf(x) exists and is 2nite as x→∞
along the vertices of x;
(ii) if f∈BDq;0(G); then f(x)= 0 for almost every path x∈PG;
(iii) if f∈HBDq(G) and f(x)= 0 for almost every path x∈PG, then f ≡ 0.
Proof. (i) and (ii) immediately follow from the results in [3,8]. To prove (iii), let
f be a function in HBDq(G) such that f(x)= 0 for almost every path x∈PG. We
claim that f2 is a subharmonic function, i.e., for any nonnegative !nitely supported
function  on VG
∑
x∈VG
∑
y∈Nx
(f2(y)− f2(x))((y)− (x))60:
Since  is !nitely supported, we can write =
∑
z∈F z for a !nite subset F of VG,
where z(z)¿0 and z ≡ 0 on VG\{z}. Therefore, to get the claim, it is suHcient to
prove that for each z ∈F
∑
x∈VG
∑
y∈Nx
(f2(y)− f2(x))(z(y)− z(x))60: (3)
Note that
∑
x∈VG
∑
y∈Nx
(f2(y)− f2(x))(z(y)− z(x))
=
∑
x∈Nz
∑
y∈Nx
(f2(y)− f2(x))(z(y)− z(x))
+
∑
y∈Nz
(f2(y)− f2(z))(z(y)− z(z))
=
∑
x∈Nz
(f2(z)− f2(x)) z(z) +
∑
y∈Nz
(f2(y)− f2(z))(−z(z))
= 2
∑
y∈Nz
(f2(y)− f2(z))(−z(z))
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= 2
∑
y∈Nz
(f(y)− f(z))2(−z(z)) + 4f(z)
∑
y∈Nz
(f(y)− f(z))(−z(z))
6 4f(z)
∑
y∈Nz
(f(y)− f(z))(−z(z)): (4)
On the other hand, since f is q-harmonic,
0 =
∑
x∈VG
∑
y∈Nx
(f(y)− f(x))(z(y)− z(x)) +
∑
x∈VG
q(x)f(x)z(x)
= 2
∑
y∈Nz
(f(y)− f(z))(−z(z)) + q(z)f(z)z(z): (5)
Combining (4) and (5)∑
x∈VG
∑
y∈Nx
(f2(y)− f2(x))(z(y)− z(x))6− 2q(z)f(z)2z(z)60;
hence we get (3).
We now choose a sequence {hn}n∈N of real valued functions on VG such that each
hn is harmonic in Nn(o) and hn =f2 on VG\Nn(o), where o is a !xed point of VG.
Then by the maximum principle, hn¿f2 on Nn(o)∪ @Nn(o). Since 06hn6 supVG f2,
there exists a subsequence {hnk} converging to a limit function h uniformly on any
!nite subset of VG. Furthermore, the sequence {
∑
VG |Dhn|2} is a monotone decreasing
and the limit function h is a harmonic function with !nite Dirichlet integral on VG. On
the other hand, setting gn =f2−hn, gn ∈BD0(G) and {
∑
VG |Dgn|2} is bounded, where
BD0(G) denotes the completion of all !nitely supported functions in the space BD(G)
of all functions with !nite Dirichlet integral. Therefore,we can choose subsequences
{gnk} and {hnk} converging to g and h, respectively, in BD(G). Hence we have the
folloing Royden decomposition, f2 = h + g, where g∈BD0(G) and h∈HBD(G),
which denotes the space of energy !nite bounded harmonic functions on the graph G.
Since f(x)= g(x)= 0 for almost every path x∈PG, h(x)= 0 for almost every path
x∈PG. This implies that h is identically zero on VG (see [7]). Since hn¿f2¿0 on
VG, we have f2 ≡ 0 on VG.
Let G and H be graphs. A map ’ :VG →VH between VG and VH is called a rough
isometry if it satis!es the following condition:
(R) for some $¿0, the $-neighborhood of the image of ’(VG) covers VH ;
there exist constants a¿1 and b¿0 such that
1
a
d(x1; x2)− b6d(’(x1); ’(x2))6ad(x1; x2) + b
for all x1; x2 in VG, where d denotes the distances of VG and VH induced from
their metrics de!ned above, respectively.
Especially, for such a rough isometry ’ :VG →VH , we can de!ne a rough isometry
’− :VH →VG such that d(y; ’ ◦’−(y))6$ for all y∈VH . We call such ’− an inverse
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rough isometry of ’. Thus it is easy to check that being roughly isometric is an
equivalence relation (see [1]). From now on, $; a and b always mean those appeared
in (R).
Let ’ :VG →VH be a rough isometry between VG and VH , and q be a nonnegative
function on VG. We now de!ne a function class F’; q on VH , related to ’ and q, as
follows: each element q˜∈F’; q is a nonnegative function satisfying the following:
(F) there exist a constant C¡∞ and integers (; ) and m∈N such that for each
x∈VG∑
z∈N((x)
q(z)6C
∑
y∈Nm)(’(x))
q˜(y) and
∑
y∈N)(’(x))
q˜(y)6C
∑
z∈Nm((x)
q(z):
Then our problem is to prove that for each q˜∈F’; q, both spaces HBDq(G) and
HBDq˜(H) have the same dimension. One may be unfamiliar with condition (F).
However, in the case when the rough isometry ’ :VG →VH is bijective, there is a
typical element q ◦ ’− in F’; q. In particular, for any positive constant C¿0; Cq
becomes an element in Fid;q, where id denotes the identity map on G. But for a general
rough isometry ’, there is no guarantee that the function class F’; q is nonempty. So
it is needed to prove that the function class F’; q is always nonempty for any rough
isometry ’.
For a nonnegative function q on VG, de!ne an average function Pq on VG by
Pq(x)= ]Na$+b(x)−1
∑
z∈Na$+b(x)
q(z)
and de!ne a nonnegative function q˜ on VH by
q˜(y)=
∑
y′∈N$(y)
Pq(’−(y′)): (6)
Proposition 2.5. Let G and H be graphs of bounded degree, and ’ :VG →VH be a
rough isometry. Then for each nonnegative function q on VG; q˜ belongs to F’; q, where
q˜ is given as in (6).
Proof. Let ( and ) be any given positive integers. Select a positive integer m such
that m¿(a( + b)=). Then for each x∈VG,∑
z∈N((x)
q(z)6C
∑
z∈N((x)
Pq(’− ◦ ’(z))
6C
∑
y∈Na(+b(’(x))
Pq(’−(y))
6C
∑
y∈Nm)(’(x))
q˜(y);
since d(z; ’− ◦ ’(z))6a$+ b for any z ∈VG.
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Furthermore, whenever m¿(a() + 2$+ b) + b)=(, we get
∑
y∈N)(’(x))
q˜(y)6C
∑
y∈N)(’(x))
∑
y′∈N$(y)
∑
z∈Na$+b(’−(y′))
q(z)
6C
∑
z∈Nm((x)
q(z):
Since ( and ) are arbitrarily chosen, we can !nd m such that q˜∈F’; q.
We also have the converse relation between the potential q on VG and any element
q˜ in the class F’; q as follows:
Proposition 2.6. Let G; H; ’ and q be given as in Proposition 2.5. Suppose that q˜ is
an element in F’; q, and  :VH →VG is a rough isometry such that d((’ ◦  )(y); y)6$
for each y∈VH . Then q belongs to F ; q˜. In particular, q∈F’− ; q˜, where ’− :VH
→VG is an inverse rough isometry of ’.
Lemma 2.7. Let G and H be graphs of bounded degree and ’ :VG →VH be a rough
isometry. Let q be a nonnegative bounded function on VG and q˜ be an element of
F’; q. Then for each f∈BDq˜(H); f ◦ ’∈BDq(G).
Proof. It is easy to check that
∑
x∈VG |D(f ◦ ’)|2(x)6C
∑
y∈VH |Df |2(y) (see [2] or
[4]). Thus it suHces to prove that
∑
x∈VG
q(x)(f ◦ ’)2(x)6C
∑
y∈VH
(|Df |2(y) + q˜(y)f2(y)):
From the condition (F) and the boundedness of q and f, we get
∑
x∈VG
q(x)(f ◦ ’)2(x)
6
∑
x∈VG

 ∑
z∈N((x)
q(z)

f(’(x))2
6C
∑
x∈VG

 ∑
y∈Nm)(’(x))
q˜(y)

f(’(x))2
6C
∑
x∈VG

 ∑
y∈Nm)(’(x))
q˜(y)(2f(y)2 + 2(f(’(x))− f(y))2)


174 Y.H. Lee /Discrete Mathematics 263 (2003) 167–177
6C
∑
x∈VG
∑
y∈Nm)(’(x))
q˜(y)f(y)2 + C
∑
x∈VG
∑
y∈Nm)(’(x))
|f(’(x))− f(y)|2
6C
∑
y∈VH
q˜(y)f(y)2 + C
∑
y∈VH
|Df |2(y):
Lemma 2.8. Let G and H be graphs of bounded degree, and ’ :VG →VH be a rough
isometry such that ’(o)= o′. Let PG and PH be sets of non-self-intersecting in2nite
paths from 2xed vertices o and o′ to in2nity in VG and VH , respectively. Suppose that
q is a nonnegative bounded function on VG. Then for f∈BDq(H); (f ◦’)(x)= 0
for almost every path x in PG if and only if f(y)= 0 for almost every path y
in PH .
Proof. By Lemma 2.7, we have f ◦’∈BDq(G). Put PH =P1H ∪P2H ∪P3H , where
P1H = {y∈PH : f(y)= 0}; P2H = {y∈PH : f(y) =0};
P3H = {y∈PH : @f(y)}:
Since (P3H )=∞ by Lemma 2.4, we have only to show (P2H )=∞.
We will associate each path y∈P2H to a path x∈P2G = {x∈PG : (f ◦ ’)(x) =0}.
For a path y=(o′; y1; y2; : : : ; yn; : : :) in P2H , we can choose points xn’s in G such that
d(yn; ’(xn))6$ for each n∈N. Then there is a constant ,¿0 such that d(xn; xn+1)6,.
For each n∈N; there exists a minimal path (z n0 ; z n1 ; : : : ; z nkn) such that z n0 = xn; z nkn = xn+1;
and kn6,. Hence there exist an in!nite path t=(o; t1; t2; : : : ; tj ; : : :) and a nondecreasing
sequence j(n)→∞ as n→∞ such that tj(n) = xn and j(n+1)− j(n)6,. Now choose
a minimal path (vn0 ; v
n
1 ; : : : ; v
n
ln) in such a way that v
n
0 =yn; v
n
ln =’(tj(n)), and ln6$.
Then from the fact that f∈BDq(H), we have
|f(yn)− f(’(tj(n)))|26 $
ln∑
i=1
|f(vni )− f(vni−1)|2
6C
∑
y∈N$(yn)
|Df |2(y)→ 0 (7)
as n→∞. This implies that (f ◦’)(tj(n))→f(y) =0 as n→∞: On the other hand,
for any j(n)6j6j(n+ 1);
|f(’(tj))− f(’(tj(n)))|26 ,
kn∑
i=1
|f(z ni )− f(z ni−1)|2
6C
∑
y∈N,(yn)
|Df |2(y)→ 0 (8)
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as n→∞. Combining (7) and (8), we get (f ◦’)(tj)→f(y) =0 as j→∞. Note that
t=(o; t1; t2; : : : ; tj ; : : :) may not be a self-intersecting path. However, we can choose a
subsequence {sj} of {tj} such that x=(o; s1; s2; : : : ; sj; : : :)∈P2G. Thus we may assume
that t∈P2G. On the other hand, by the result of [3], (P2G)=∞ is equivalent to that
there exists a nonnegative function w on the edge set EG of G such that E(w)¡∞
and
∑
e˜∈E(x) w(e˜)=∞ for all x∈P2G: For each k ∈N and each edge e= [z1; z2]∈EH ,
de!ne a set U (e; k)= {e˜= [x1; x2]∈EG :d(zi; ’(xj))6k for i; j=1; 2}, and a func-
tion w∗ on EH by w∗(e)=
∑
e˜∈U (e; k) w(e˜). Then w
∗2 (e)6k
∑
e˜∈U (e; k) w
2(e˜) for each
e∈EH , hence
E(w∗)6C
∑
e˜∈EG
w2(e˜)¡∞; (9)
where C depends only on k.
Fixing k ∈N such that [tj−1; tj]∈U ([yn; yn+1]; k) for all j(n)6j6j(n+1), we have
∑
e∈E(y)
w∗(e)¿
1
,
∑
e˜∈E(t)
w(e˜)¿
1
,
∑
e˜∈E(x)
w(e˜)=∞: (10)
for each y∈P2H . Hence by (9) and (10), (P2H )=∞:
Arguing similarly, we can prove the converse implication.
We are ready to prove our main theorem. In the following, dimHBDq(G)= 0 means
that a graph G does not admit nonzero energy !nite bounded q-harmonic function.
Proof of Theorem 1.1. First, assume that dimHBDq(G)= 0. Then for any u∈
HBDq˜(H), by Lemma 2.7, we have u ◦ ’∈BDq(G). Hence there exist a unique
h∈HBDq(G) and a unique g∈BDq;0(G) such that u ◦ ’= h + g. But since dim
HBDq(G)= 0; h must be zero. This implies that u ◦ ’∈BDq;0(G). Hence by
Lemmas 2.4 and 2.8, u ≡ 0.
Suppose that dimHBDq(G)= n. Then there exists a set {hi ∈HBDq(G): i=1;
2; : : : ; n}, linearly independent. By Lemma 2.7, hi◦’− in BDq˜(H) for each i=1; 2; : : : ; n,
where ’− :VH →VG is the inverse rough isometry such that d(y; (’ ◦’−)(y))6$ for
each y∈VH . Hence there exist a unique fi ∈HBDq˜(H) and a unique gi ∈BDq˜;0(H)
such that hi ◦’−=fi + gi for each i=1; 2; : : : ; n.
We claim that {fi: i=1; 2; : : : ; n} is linearly independent. Assume that
∑n
i=1 ci
fi =0, then (
∑n
i=1 cihi) ◦ ’−=
∑n
i=1 cigi: Since each gi ∈BDq˜;0(H), ((
∑n
i=1 cihi) ◦
’−)(y)= 0 for almost every path y∈PH , where PH is a set of non-self-intersecting
in!nite paths from !xed vertex o′ to in!nity of VH . By Lemmas 2.8 and 2.4,
∑n
i=1 ci
hi =0. Because {hi}ni=1 is linearly independent, ci =0 for all i=1; 2; : : : ; n. Hence we
get the claim.
Now we prove that {fi: i=1; 2; : : : ; n} generates HBDq˜(H). Let f∈HBDq˜(H),
then by Lemma 2.7, f ◦’∈BDq(G). Hence there exist a unique h∈HBDq(G) and
a unique g∈BDq;0(G) such that f ◦’= h+ g. Since dimHBDq(G)= n and {hi}ni=1
is linearly independent, there exist constants a1; a2; : : : ; an such that h=
∑n
i=1 aihi:
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Therefore, we have
f −
n∑
i=1
aifi =f −
(
n∑
i=1
aihi
)
◦’− +
n∑
i=1
aigi
=f − f ◦’ ◦’− + (h+ g) ◦’− −
(
n∑
i=1
aihi
)
◦’− +
n∑
i=1
aigi
=f − f ◦’ ◦’− + g ◦’− +
n∑
i=1
aigi:
Note that by Lemmas 2.4 and 2.8, (g ◦’−)(y)= 0 for almost every path y∈PH :
We claim that (f−f ◦’ ◦’−)(y)→ 0 as d(o′; y)→∞. Then (f−∑ni=1 aifi)(y)= 0
for almost every path y∈PH , hence by Lemma 2.4, f=
∑n
i=1 aifi: This implies that
dimHBDq˜(H) = n since {fi: i=1; 2; : : : ; n} is linearly independent.
For any y∈VH . there exists a minimal path (y0; y1; : : : ; yl) such that y0 =y, yl =’ ◦
’−(y), and l6$: So,
|f(y)− f(’ ◦’−(y))|26$
l∑
i=1
|f(yi)− f(yi−1)|26C
∑
y′∈N$(y)
|Df |2(y):
From the fact that f∈BDq˜(H), we get the claim.
By Proposition 2.6, q is an element of F’− ; q˜. Thus arguing similarly, we have the
converse implication.
As corollaries, we have the following results:
Corollary 2.9. Let G and H be graphs of bounded degree and ’ :VG →VH be a rough
isometry. Suppose that ’ is a bijective map and q is a nonnegative function on VG.
Then both spaces HBDq(G) and HBDq◦’−(H) have the same dimension.
Corollary 2.10. Let G be a graph of bounded degree and q be a nonnegative function
on VG. Let q˜ be a nonnegative function on VG such that C−1q6q˜6Cq for some con-
stant C¿1. Then both spaces HBDq(G) and HBDq˜(G) have the same dimension.
Corollary 2.11. Let G and H be graphs of bounded degree and ’ :VG →VH be a rough
isometry. Then both spaces HBD(G) and HBD(H) have the same dimension.
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